Abstract. In this paper, we show that there exists no left invariant Riemannian metric h on the Heisenberg group H such that (H, h) is a symmetric Riemannian manifold, and there does not exist any H-invariant metrich on the Heisenberg manifold H/Γ such that the Riemannian connection on (H/Γ,h) is a Yang-Mills connection. Moreover, we get necessary and sufficient conditions for a group homomorphism of (SU (2), g) with an arbitrarily given left invariant metric g into (H, h) with an arbitrarily given left invariant metric h to be a harmonic and an affine map, and get the totality of harmonic maps of (SU (2), g) into H with a left invariant metric, and then show the fact that any affine map of (SU (2), g) into H, equipped with a properly given left invariant metric on H, does not exist.
Introduction
In this paper, we study various differential geometric properties on the Heisenberg group H with an arbitrarily given left invariant Riemannian metric h. And then, we show that there does not exist any H-invariant metric such that the Riemannian connection for a H-invariant metric on the Heisenberg manifold H/Γ, which is locally isomorphic to H, is a Yang-Mills connection, where Γ is the discrete subgroup (of the Heisenberg group H) with integer entries. Moreover, we get necessary and sufficient conditions for a group homomorphism of SU (2) into H to be a harmonic and an affine map.
In §2, we show that there exists no left invariant metric h on the Heisenberg group H such that (H, h) is a symmetric Riemannian manifold (cf. Theorem 2.4). And, a complete estimation of the Ricci curvature on (H, h) with an arbitrarily given left invariant Riemannian metric h is given (cf. Proposition 2.5).
In §3, we get the fact (cf. Theorem 3.1) that there does not exist any Hinvariant metrich on the Heisenberg manifold H/Γ such that the Riemannian connection on (H/Γ,h) becomes a Yang-Mills connection, where Π is the natural projection of H into H/Γ and h is a left invariant metric on H.
In §4, we obtain a necessary and sufficient condition for a group homomorphism of (SU (2), g), with an arbitrarily given left invariant Riemannian metric g on SU (2), into the Heisenberg group (H, h), with an arbitrarily given left invariant Riemannian metric h on H, to be a harmonic map (cf. Theorem 4.4) . Using this result, we get a necessary and sufficient condition for a group homomorphism of (SU (2), g) into H with a properly given left invariant metric to be harmonic (cf. Corollary 4.6). And, as a by-product, we obtain the totality of harmonic maps of (SU (2) , g) into the Heisenberg group H, with the given left invariant metric (cf. Theorem 4.11). Moreover, we get a necessary and sufficient condition for a group homomorphism of (SU (2) , g) into the Heisenberg group (H, h) to be an affine map, (cf. Theorem 4.7). And then, using Theorem 4.7, we show the fact that any affine map from (SU (2), g) into H, equipped with the given left invariant metric on H, does not exist (cf. Proposition 4.12).
Heisenberg group (H, h) with a left invariant metric h
Let H be the Heisenberg group (cf. [7, 12] ), that is,
Denote by x, y, z coordinates on H, say for A ∈ H, x(A) = a 12 , y(A) = a 23 , z(A) = a 13 . If L B is the left translation by an element B ∈ H, we have
are dual to dx, dy, dz − xdy, and are left invariant. We denote by h the Lie algebra of all left invariant vector fields on H. Now we take an inner product
is an orthonormal basis on h. Let the left invariant metric on H associated with the inner product < , > 0 be h 0 . Then, the Riemannian manifold (H, h 0 ) is referred to as the Heisenberg Riemannian Lie group.
In general, the Riemannian connection ∇ on a Riemannian manifold (M, g) is given by
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Let < , > be an arbitrarily given inner product on the Lie algebra h. Then, we can put
where each k a is positive constant and 0 < ϕ 1 , ϕ 2 , ϕ 3 < π. So, the space of all left invariant Riemannian metrics on H is given by
Now we normalize left invariant Riemannian metrics by putting k 1 = 1, and put
and
Here, A is the family of all orthogonal bases with same orientations in the usual Euclidean space R 3 . Let < , > be an arbitrarily given inner product on the Lie algebra h which is determined by (k 1 = 1, k 2 , k 3 , ϕ 1 , ϕ 2 , ϕ 3 ) which belongs to M. Let h be the left invariant Riemannian metric on H which is induced by the inner product < , > on h. For simplicity, here and from now on we use the following notations:
By virtue of (2.3), (2.5), (2.10), (2.12) and (2.13), we get (2.14)
Let ∇ be the Riemannian connection on (H, h). And, let R be the curvature tensor field on (H, h), that is,
From (2.4) and (2.14), we get (2.15) 
Let ρ(:= ρ h ) be the Ricci operator on (H, h), that is,
, we obtain from (2.16) and (2.17) (2.18)
In general, the Riemannian metric g on a Riemannian manifold (M, g) is called Einstein if ρ g = c · g for some constant c (cf. [14] ), where ρ g is the Ricci operator on (M, g).
In our situation, we get:
Proposition 2.1. Let H be the Heisenberg Lie group. Then there exists no left invariant Einstein metric on H.
Proof. Assume that (H, h) is an Einstein manifold, that is,
for some constant c. Then, from this assumption, (2.6) and
By the help of (2.8), (2.18) and (2.19), we have
which contradicts the fact that ρ 22 = ρ 33 = c. So, we obtain this proposition. The above Proposition 2.1 also follows from this theorem.
In general, Riemannian manifold (M, g) is said to be symmetric (resp. locally symmetric) at x ∈ M , if there exists an involutive isometry of M (resp. an open neighborhood U of x) which has x as an isolated fixed point. And (M, g) is said to be symmetric (resp. locally symmetric), if it is symmetric (resp. locally symmetric) at every point of M . Moreover the following theorem (cf. In our situation, we obtain: 
Here and from now on, we put µ := (cos ϕ 2 − cos ϕ 3 cos ϕ 1 ). We assume that (H, h) is symmetric, that is, ∇R = 0. Then from the second formula of (2.21), we have
By virtue of (2.22) and the first formula of (2.21), we obtain
which is absurd since ∇R = 0 by the assumption. So, we get this theorem.
In general, for the Ricci curvature tensor field Ric of (0,2)-type in a Riemannian manifold (M, g) and a nonzero vector
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is said to be the Ricci curvature of (M, g) with respect to x p .
Proposition 2.5. Assume that h is the left invariant Riemannian metric on H which is defined by (
2 ) ∈ A. Let X be an arbitrarily given nonzero vector field which is left invariant on H. Then the Ricci curvature r(X) is completely estimated as follows:
And the scalar curvature S h on the manifold (H, h) is (−k 3 2 )/(2k 2 2 ).
Proof. By the help of the assumption, we have from (2.5) and (2.8)
From (2.18) and (2.24), we obtain (2.25)
Using (2.25), we get the scalar curvature (2.26)
Moreover, by virtue of (2.25) we obtain the fact that
for an arbitrarily given left invariant vector field X( = 0) on H.
Yang-Mills Riemannian connections on the Heisenberg Riemannian manifold H/Γ
We retain the notations as in Section 2. Let Γ be the discrete subgroup (of the Heisenberg group H) with integer entries. We put M =: H/Γ. We refer to M as the Heisenberg manifold. For B ∈ H, L From now on, all the calculations on (M := H/Γ,h) will be done on H and its Lie algebra h. In fact, because M is a homogeneous space, the curvature is the same in all its points, and M is locally isomorphic to H (cf. [7, 11] ).
In general, a Yang-Mills connection is a critical point of the Yang-Mills functional 
for arbitrarily given X, Y ∈ X(M ) and a (locally defined) orthonormal frame on (M, g).
In our situation, we obtain: Proof. From (2.15) and (2.16), we get
By the help of (3.4), we obtain (3.5)
And, from (2.15) and (2.16), we have
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We have from (3.6)
Using λ 2 + µ 2 = sin 2 ϕ 1 sin 2 ϕ 3 , we have from (2.15) and (2.16)
From (3.8), we get (3.9)
Now, we assume that the Riemannian connection ∇ on (M := H/Γ,h) is a Yang-Mills connection, that is,
Then, from (2.6), (3.5) and (3.7), we have
By virtue of (3.9) and (3.11), we get (3.12)
which contradicts the assumption that the connection ∇ is a Yang-Mills connection. Thus, we obtain this theorem.
Harmonic and affine maps of SU (2) into the Heisenberg group H

Harmonic and affine maps of a closed (compact and closed) Riemannian manifold into another Riemannian manifold
Harmonic maps of a compact Riemannian manifold (M, g) into another Riemannian manifold (N, h) are the extrema of the energy functional (cf. [1, 13] )
where dφ is the norm of the differential dφ of a map φ ∈ C ∞ (M, N ) with respect to the metrics g, h. Moreover, a necessary and sufficient condition (cf. [1, 13] ) for a map φ(∈ C ∞ (M, N )) to be a critical point of the energy functional E, (that is, to be a harmonic map), is
Here, g ∇ is the Levi-Civita connection on (M, g), and∇ is the induced connection in the bundle φ 
Harmonic and affine group homomorphisms
We retain the notations as in the subsection 4.1. Let G be an n-dimensional closed (compact and connected) Lie group with an arbitrarily given left invariant metric g, and H an m-dimensional Lie group with an arbitrarily given left invariant metric h. Let g (resp. h) be the Lie algebra of all left invariant vector fields on G (resp. H).
) an orthonormal basis of (g, g) (resp. (h, h)). We use the following notations:
Here g ∇ (resp. h ∇) is the Levi-Civita connection on (G, g) (resp. (H, h)), and dφ (= φ * ) is the differential of the group homomorphism φ. From (4.4) we obtain
since each φ i a is constant. By the help of (4.2) and (4.5), we obtain:
) be an n-dimensional closed Lie group with an arbitrarily given left invariant metric g on G, (H, h) an m-dimensional Lie group with an arbitrarily given left invariant metric h on H. Then a group homomorphism φ : (G, g) → (H, h) is a harmonic map if and only if the tension field τ (φ) vanishes, namely,
Similarly, by virtue of (4.3) and (4.5), we obtain:
) be an n-dimensional closed Lie group with an arbitrarily given left invariant metric g on G, (H, h) an m-dimensional Lie group with an arbitrarily given left invariant metric h on H. Then, a necessary and sufficient condition for a group homomorphism φ : (G, g) → (H, h) to be an affine map is
for each c ∈ {1, 2, . . . , m}
Left invariant Riemannian metrics on SU (2)
Let su(2) be the Lie algebra of SU (2). The Killing form B of su (2) satisfies
We define an inner product < , > 0 on su(2) by (4.9) < X, Y > 0 := −B(X, Y ) (X, Y ∈ su(2)).
Here and from now on, let g be an arbitrarily given left invariant Riemannian metric on SU (2). The following lemma is well known (cf. [3] ).
Lemma 4.3. Let g be a left invariant Riemannian metric on SU (2). Let < , > be an inner product on su(2) defined by < X, Y > := g e (X e , Y e ), where X, Y ∈ su(2) and e is the identity matrix of SU (2). Then there exists an orthonormal basis {X 1 , X 2 , X 3 } of su(2) with respect to < , > 0 (= −B) such that
where a i (i = 1, 2, 3) are positive constants determined by the given left invariant Riemannian metric g on SU (2).
Harmonic group homomorphisms of SU (2) into the Heisenberg group H
We retain the notations as in §2 and the subsection 4.3. We fix an orthonormal basis {X 1 , X 2 , X 3 } of su(2) with respect to < , > 0 satisfying (4.10) in Lemma 4.3, and denote by g (a1,a2,a3 ) the left invariant Riemannian metric on SU (2) which is determined by positive real numbers a 1 , a 2 , a 3 in Lemma 4.3. Moreover, we normalize left invariant Riemannian metrics on SU (2) by putting a 1 = 1. We denote by g (1,a2,a3) , or simply by g (a2,a3) (=: g), the left invariant Riemannian metric which is determined by positive real numbers a 1 = 1, a 2 , a 3 .
For the orthonormal basis {X 1 , X 2 , X 3 } of su(2) with respect to < , > 0 := −B in Lemma 4.3, if we put
then {e 1 , e 2 , e 3 } is an orthonormal frame on (SU (2), g (a2,a3) ). From (4.10), we have
By virtue of (2.4) and (4.11), we get
Putting g( g ∇ ei e j , e k ) =: α ij k , we have from (4.11) and (4.12) (4.13)
Similarly, putting h(
, from (2.15) we have the non-zero terms of β ab c (4.14)
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From (4.4), (4.5) and (4.14), we obtain the fact that (4.15)
Similarly, from (4.4), (4.5) and (4.14), we get the fact that (4.16)
Moreover, from (4.4), (4.5) and (4.14), we have the fact that (4.17) 
Conversely, if there is a real matrix C = (C i a ) ai of type (3, 3) such that the components of the matrix C satisfy the condition (4.19), then the group homomorphism φ : (SU (2), g) → (H, h) defined by (4.18) is a harmonic map.
Affine group homomorphisms of SU (2) into the Heisenberg group H
We retain the notations as in §2 and the subsections 4.3, 4.4. In this subsection, we obtain: Proposition 4.12. Let g be an arbitrarily given left invariant metric on SU (2) and, let h be the left invariant metric on H which corresponds to (1, k 2 , k 3 , ϕ 1 = π/2, ϕ 2 = π/2, ϕ 3 = π/2) ∈ A. Then, there does not exist any affine group homomorphism φ : (SU (2), g) → (H, h) which is not a trivial group homomorphism (i.e., which satisfies the condition φ(SU (2)) = e).
Proof. From (2.8), (4.14) and the assumption ϕ 1 = ϕ 2 = ϕ 3 = π/2, we get since a 2 and a 3 are positive real numbers which correspond to the left invariant Riemannian metric g on SU (2). So, by virtue of (4.22) and Lemmas 4.7 ∼ 4.10, we get this proposition.
